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Abstract
We examine whether the free energy of N = 4 super Yang-Mills theory (SYM) in four
dimensions corresponds to the partition function of the AdS5 × S5 superstring when
the corresponding operators are inserted into both theories. We obtain the formal free
energy of N = 4 U(N) SYM in four dimensions generated by the Feynman graph
expansion to all orders of the ’t Hooft coupling expansion with arbitrary N . This free
energy is written as the sum over discretized closed two-dimensional surfaces that are
identified with the world-sheets of the string. We compare this free energy with the
formal partition function of the discretized AdS5 × S5 superstring with the kappa-
symmetry fixed in the killing gauge and in the expansion corresponding to the weak
’t Hooft coupling expansion in the SYM. We find that some of their properties are
identical, although further studies are required to obtain a more precise comparison.
Our result suggests a mechanism through which the world-sheet emerges dynamically
from N = 4 SYM, and this enables us to derive the manner in which the AdS5 × S5
superstring is reproduced in the AdS/CFT correspondence.
1 e-mail address : sato@pas.rochester.edu
1 Introduction
The AdS/CFT correspondence proposed by Maldacena states that the superstring theory
on the AdS5×S5 background corresponds to N = 4 super Yang-Mills theory (SYM) in four
dimensions [1]. In the gs → 0, α′ → 0 limit, it has been established that the supergravity on
AdS5 × S5 corresponds to N = 4 SYM in the large N , large ’t Hooft coupling (λ = g2YMN)
limit [2–5]. In the gs → 0 limit and in the weak α′ expansion, which corresponds to the strong
λ expansion in the SYM (λ = R
4
α′2
), carrying out comparison is difficult, because we know little
about the strong coupling SYM, while we know much about the weak coupling SYM. If we
take the BMN limit1 further, the AdS/CFT correspondence reduces to the correspondence
between the superstring theory on the pp-wave background and the BMN sector of N = 4
SYM in the large N limit [10–13]. Although we can compare this limiting string theory with
the weak coupling SYM effectively by using the composite coupling expansion (λ/J2, where
J is the large R charge), we fail to see the correspondence at three loops [14,15]. Therefore,
we need to find a string description dual to the weak coupling SYM [16–19].
On the other hand, recently the c ≤ 1 U(N) matrix model, which corresponds to the c ≤ 1
string theory nonperturbatively, has been developed extensively [20–24] by incorporating the
ideas employed in study of the tachyon condensation [25, 26], D-branes and the AdS/CFT
correspondence. Next, we need to develop the AdS/CFT correspondence by incorporating
the ideas used in the c ≤ 1 matrix model [27–33]. One of the most important facts concerning
the correspondence between the c ≤ 1 matrix model and the c ≤ 1 string theory is that the
free energy of the matrix model is identical to the partition function of the string theory.
The first piece of evidences supporting this fact is based on the emergence of the world-
sheet in the c ≤ 1 matrix model, which can be summarized as follows [34]. The formal
free energy of the matrix model can be written perturbatively as the sum of the connected
bubble diagrams. In the double-line notation, each diagram has a dual diagram, as shown
in Fig. 1, which forms a two-dimensional surface corresponding to the world-sheet of the
string. The N dependence of the bubble diagram is N2−2h, where h is the number of genuses
of the two-dimensional surface. This dependence implies a genus expansion. Consequently,
1/N corresponds to the string coupling. Each coefficient of N2−2h corresponds to the formal
1Quantum analysis of the full AdS5×S5 superstring has not yet succeeded, although integrable properties
in the superstring are expected to contribute to the analysis [6–9].
1
partition function of the c ≤ 1 string theory discretized on random lattices with a fixed genus
number. This relation shows the correspondence to all orders of not only the α′ expansion
but also the gs expansion.
The same kind of relation should also exist in the AdS/CFT correspondence. In fact, the
genus expansion was originally found in Yang-Mills theory by ’t Hooft [35]. We describe it
in the following. The formal free energy in Yang-Mills theory can be written perturbatively
as the sum of the bubble diagrams, which correspond to world-sheets as in the c ≤ 1
matrix model (Fig. 1). The N and gYM dependence of each bubble diagram are those of
( 1
g2
YM
)F (g2YM)
ENV , where F , E and V are the numbers of faces, edges and vertices in the dual
diagram, respectively. If we rewrite gYM as λ = g
2
YMN (the ’t Hooft coupling), the genus
expansion NF−E+V λE−F = N2−2hλE−F is realized. In the AdS/CFT correspondence, N is
identified with λ/gs, because of the open-closed duality λ = g
2
YMN = gsN . By rewriting N
in terms of gs, we obtain the dependence of the bubble diagram as (N/λ)
2−2hλV = g2h−2s λ
V .
This dependence indicates the existence of a string theory dual to the weak coupling SYM
and a relation in the AdS/CFT correspondence analogous to the correspondence between
the free energy of the c ≤ 1 matrix and the partition function of the c ≤ 1 string.
The purpose of this paper is to examine whether the free energy of N = 4 SYM in
four dimensions corresponds to the partition function of the AdS5 × S5 superstring to all
orders of the string coupling constant when the corresponding operators are inserted into
both theories in the same way as in the c ≤ 1 case2. First, we obtain the formal free energy
of the SYM generated by the Feynman graph expansion to all orders of the weak coupling
λ with arbitrary N . Next, we attempt to elucidate the string theory dual to the weak
coupling SYM. We also obtain a formal partition function of the discretized string theory
in the expansion corresponding to the weak coupling expansion of the SYM and compare it
with the free energy. We find that the formal partition function and the formal free energy
have non-trivial forms and seem to correspond to each other. Moreover, even if we insert
certain operators into the formal partition function of the string theory and into the formal
free energy of the SYM, this correspondence is still valid.
Here we comment on the relation between our work and Gopakumar’s works on the freeN
= 4 SYM, which is another approach to the AdS/CFT correspondence at the string level [37].
2 This kind of generalization was originally considered in [36]. We consider this work in section four.
2
We start with two approaches to the c ≤ 1 string theory, generalized Kontsevich model
(GKM) and the c ≤ 1 Hermitian matrix model (HMM). Although they are equivalent [38–40],
we can easily find the moduli of the string theory in the GKM, while we can easily find the
classical action of the string theory in the HMM (see (2.5)). Gopakumar treated the free N
= 4 SYM as the GKM and derived the moduli of the AdS5 × S5 superstring theory. Three-
point and four-point correlation functions have also been obtained in the free N = 4 SYM
and their duals have been proposed [37,41,42]. The thermal case is studied in [43]. Because
we know little about quantum properties of the string theory, we cannot verify Gopakumar’s
result at present. Therefore, we treat the N = 4 SYM in the same manner as the HMM and
attempt to derive the classical action of the string theory. 3
The organization of this paper is as follows. In section 2 we review the equivalence
between the formal free energy in the c=1 matrix model generated by the Feynman graph
expansion and the formal partition function of the c=1 string theory discretized in random
lattices. In section 3 we obtain the formal free energy of U(N)N = 4 SYM in four dimensions
generated by the Feynman graph expansion. In section 4 we obtain the formal partition
function of the discretized AdS5 × S5 superstring in the expansion corresponding to the
weak ’t Hooft coupling expansion in the SYM and compare it with the free energy obtained
in the previous section. In section 5 we summarize and discuss the results. In Appendix
A we summarize the Feynman rules for N = 4 U(N) SYM in the double-line notation. In
Appendix B we obtain the formal free energy of ten-dimensional U(N) N = 1 SYM in the
same manner as in the four-dimensional N = 4 SYM case.
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Figure 1: Random lattices in (1) the c=1 matrix model and (2) the SYM.
3GKM and HMM for the AdS5×S5 superstring should coincide because of the strong symmetry on both
sides in the AdS/CFT correspondence.
3
2 c=1 Matrix Model and Discretized c=1 String The-
ory
In this section, we briefly review the manner in which the world-sheets emerge in the c=1
matrix model. In particular, we show that the perturbative formal free energy of the c=1 ma-
trix model is equivalent to the formal partition function of the c=1 string theory discretized
on random lattices.
We begin with the action of the c=1 matrix model,
Zmatrix = N
∫ ∞
−∞
dttr
(
1
2
(∂tΦ)
2 +
1
2α′2
Φ2 − 1
3
gΦ3
)
, (2.1)
where Φ is a N ×N Hermitian matrix. The propagator in the double-line notation is given
by
〈Φij(t)Φkl(t′)〉 = 1
N
∆(t− t′)δilδjk, (2.2)
where
∆(t− t′) =
∫ ∞
−∞
dk
1
k2 + 1
α′2
eik(t−t
′) = e−
1
α′
|t−t′|, (2.3)
whereas the interaction vertex is given by
Ngδilδknδmj . (2.4)
The Feynman diagrams are shown in Fig. 2.
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Figure 2: Feynman rules for the c=1 matrix model.
The formal free energy Fmatrix can be written perturbatively as the sum of the connected
bubble diagrams. The N dependence of each diagram is given by N |interaction vertices| ×
1/N |propagators|×N |inner loops|, where | propagators | for example represents the number
of propagators. Each diagram forms a two-dimensional closed surface, which is represented
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by double lines in Fig. 1. The diagram has a dual diagram, which is represented by bold
lines in Fig. 1; the interaction vertices, propagators and inner loops correspond to the faces,
edges and vertices in the dual diagram, respectively. Then the dual diagram forms a random
lattice on the two-dimensional closed surface that is identified with the world-sheet of the
dual string below. If we represent the number of the faces, edges and vertices in the random
lattice as F , E and V , respectively, the N dependence of the Feynman diagram is expressed
as NF−E+V = N2−2h, where h is the number of the genuses of the random lattice. Therefore,
Fmatrix is given by the following genus expansion,
Fmatrix =
∑
random lattices
N2−2hgF
F∏
k=1
∫
dtk exp

 ∑
〈i,j〉(i<j)
− 1
α′
|ti − tj|

 , (2.5)
where i, j and k represent the points of the interaction vertices in the Feynman diagrams,
and 〈i, j〉 represent the nearest neighbors among the interaction vertices, as can be seen in
Fig. 1. The summation
∑
random lattices is that over arbitrary random lattices that form
two-dimensional closed surfaces. We ignore the symmetric factors, which go to 1 in the
continuum limit.
Next, let us consider the c=1 string theory. By discretizing the partition function
Zc=1 string =
∑
h
∫
Dg
∫
Dt exp
[
−γ 1
4π
∫
d2σ
√
gR− β
∫
d2σ
√
g − 1
2πα′
∫
d2σ
√
g∂αt∂
αt
]
(2.6)
on random lattices by taking
∑
h
∫
Dg →
∑
random lattices
1
2π
∫
d2σ
√
g∂αt∂
αt →
∑
〈i,j〉(i<j)
(ti − tj)2 (2.7)
and by making the identification eγ ≡ 1/N and e−βA ≡ g, where A is the area of one face
(AF =
∫
d2σ
√
g), we obtain
Zc=1 string =
∑
random lattices
N2−2hgF
F∏
k=1
∫
dtk exp

 ∑
〈i,j〉(i<j)
− 1
α′
(ti − tj)2

 . (2.8)
This theory and the theory whose formal partition function takes the form (2.5) belong to
the same universality class in the continuum limit. Therefore, the perturbative formal free
5
energy of the c=1 matrix model is equivalent to the formal partition function of the c=1
string theory discretized on random lattices.
This is the first piece of evidences supporting the correspondence between the c=1 matrix
model and the c=1 string theory to all orders of the string coupling and α′ coupling.
3 N = 4 Super Yang-Mills
In this section, we obtain the formal free energy of N = 4 U(N) super Yang-Mills theory
(SYM) in four dimensions analogous to (2.5).
We begin with the action of N = 4 U(N) SYM in the Feynman gauge,
SSYM =
1
2g2YM
∫
d4xtr
(
−1
2
F µνFµν − (∂µAµ)2 −DµXIDµXI + 1
2
[XI , XJ ][XI , XJ ] + 2c¯∂
µDµc
+ψT iγµDµψ + ψ
TγI [XI , ψ]
)
, (3.1)
where µ and I run from 0 to 3 and from 4 to 9, respectively, and Dµ = ∂µ−i[Aµ, ]. All fields
are represented by Hermitian N × N matrices. We use the Majorana-Weyl representation
in ten dimensions, where γM and γˆM (M = 0, · · · , 9) are 16 × 16 matrices that satisfy the
following properties:
γM = (γµ, γI) = (−1, γi), γˆM = (γˆµ, γˆI) = (1, γi) (i = 1, · · · , 9)
{γi, γj} = 2δij, γiT = γi, (3.2)
from which γM γˆN + γN γˆM = 2ηMN and γˆMγN + γˆNγM = 2ηMN are satisfied. ψ is a 16
component Weyl spinor that satisfies the Majorana condition ψ∗ = ψ. We summarize the
Feynman rules in the double-line notation in Appendix A.
3.1 Formal Free Energy in Bosonic Part of N = 4 SYM
In this subsection we obtain the formal free energy of the bosonic part of N = 4 SYM
to all orders of λ in the Feynman graph expansion with arbitrary N . In the following we
consequentially sum up the interactions in order to explain our result.
The difficulty encountered in attempting to derive the free energy is overcome by assigning
quantum numbers Mij (= 0, · · · , 15) that represent the propagators on the links between the
6
vertices i and j. Mij and the relations between Mij and Mji are defined in Fig. 3. First,
we sum up the three-point interactions among the gauge fields Aµ and the scalar fields XI
appearing in Fig. 7 in Appendix A. The result is 4
F3pt.(A, X) =
∑
random lattices
∑
Mij=0,···,9
N2−2hλE−F
∏
〈i,j〉(i<j)
(∫
d10kijδ
6(kIij)∆(k
µ
ij)
)
∏
i
[
δ4(
3∑
q=1
kijq)
(
ηMij1Mij2 (k
Mij3
ij1
− kMij3ij2 )
)
+
(
cyclic in (1,2,3)
)]
,(3.3)
where kµij is defined to flow from j to i and to satisfy k
µ
ji = −kµij. Throughout this paper, we
ignore symmetric factors, which go to 1 in the continuum limit. In the second line of (3.3),
i represents vertices and jq (q = 1, 2, 3) represents the vertices in the i counterclockwise
direction (see Fig. 4). In this formula, we define kIij (I = 4, · · · , 9) and insert δ6(kIij) in order
to sum up the AAA interactions and the AXX interactions. For example, when Mij3 =
4, · · · , 9, the first term in the second line does not contribute, whereas when Mij3 = 0, · · · , 3,
it does contribute.
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Figure 3: The quantum numbers on links.
In the same way, we obtain the following form in the sector of gauge fields Aµ and ghosts
c and c¯:
F3pt.(A, c, c¯) =
∑
random lattices
∑
Mij=0,···,3,10,11
N2−2hλE−F (−1)|fermion loops|
∏
〈i,j〉(i<j)
(∫
d6kijδ
2(kaij)∆(k
µ
ij)
)
∏
i
[
δ4(
3∑
q=1
kijq)ηMij1Mj2i
(
(1− δMij1 ,10)k
Mij3
ij1
− (1− δMij2 ,10)k
Mij3
ij2
)
+ (cyclic in (1,2,3))
]
,
4We redefine the -ig2
YM
to g2
YM
.
7
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Figure 4: Notation for the three- and four-point interactions.
where we have introduced kaij (a = 10, 11) and inserted δ
2(kaij) in order to sum up the AAA
interactions and the Acc¯ (Acc¯) interactions.
Finally, in the full bosonic sector of N = 4 SYM, we need to sum over arbitrary random
lattices that consist of three-point vertices i(3pt.) and four-point vertices i(4pt.), as shown
in Figs. 1 and 4. The free energy is given by
Fbosonic =
∑
random lattices
∑
Mij=0,···,11
N2−2hλE−F (−1)|fermion loops|
∏
〈i,j〉(i<j)
(∫
d12kijδ
6(kIij)δ
2(kaij)∆(k
µ
ij)
)
∏
i(4pt.)
[
δ4(
4∑
p=1
kijp)
11∏
t=10
4∏
e=1
(1− δMije ,t)(2ηMij1Mij3ηMij2Mij4 − ηMij1Mij2ηMij3Mij4 − ηMij1Mij4ηMij2Mij3 )
]
∏
i(3pt.)
[
δ4(
3∑
q=1
kijq)
(
ηMij1Mj2i
(
(1− δMij1 ,10)k
Mij3
ij1
− (1− δMij2 ,10)k
Mij3
ij2
)
+(cyclic in (1,2,3))
)]
,
where we have used the projection
∏11
t=10
∏4
e=1(1− δMije ,t), because there is no ghost contri-
bution to the four-point vertices.
3.2 Formal Free Energy of N = 4 SYM
In this subsection, we incorporate the fermion interactions and obtain the formal free energy
of N = 4 SYM. In general, we need to take account of the minus signs that result from
interchanges of Majorana fermions, in addition to counting the number of fermion loops,
8
because there are two ways of performing Wick contractions: ψ
∫
d4xtr(ψTγI [XI ,ψ])ψ and
ψ
∫
d4xtr(ψTγI [XI ,ψ])ψ. In the ordinary notation of the Feynman diagrams, we do not need
to consider the minus signs, except for that for the fermion loops, because of the following
property:
ψa
∫
d4x(ψpTγIXqIψ
r)tr(tp[tq, tr])ψb = ψa
∫
d4x(ψpTγIXqIψ
r)tr(tp[tq, tr])ψb . (3.4)
However, in the double-line notation, there is no such property:
ψij
∫
d4x2tr(ψTγIXIψ)ψkl 6= ψij
∫
d4x2tr(ψTγIXIψ)ψkl . (3.5)
Therefore, we introduce ψˆ in the action to count the minus signs corresponding to fermion
interchanges as follows:
1
2gYM
∫
d4xtr(ψT iγµ∂µψ + 2ψ
TγµAµψ + 2ψ
TγIXIψ)
→ 1
2gYM
∫
d4xtr(ψˆT iγµ∂µψ + 2ψˆ
TγµAµψ + 2ψˆ
TγIXIψ). (3.6)
The Feynman diagrams are given in (A.1) and Fig. 7. We can count the minus signs in
the vacuum diagrams by flipping the fermions to the standard position as ψˆψψˆψψˆψ · · ·. For
example, in the diagram in Fig. 5 |fermion interchanges|=1 and |fermion loops|=1.
PSfrag replacements
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Figure 5: An example.
The formal free energy of N = 4 U(N) SYM is perturbatively given by
FSYM=
∑
random lattices
∑
Mij=0,···,15
N2−2hλE−F (−1)|fermion loops|+|fermion interchanges|
∏
〈i,j〉(i<j)
[∫
d12kijδ
6(kIij)δ
2(kaij)
(
15∑
s=12
(1− δMij ,s)∆(kµij) +
15∑
s=12
δMij ,s∆
ij
s (k
µ
ij)
)]
9
∏
i(4pt.)
[
δ4(
4∑
p=1
kijp)
15∏
t=10
4∏
e=1
(1− δMije ,t)(2ηMij1Mij3ηMij2Mij4 − ηMij1Mij2ηMij3Mij4 − ηMij1Mij4ηMij2Mij3 )
]
∏
i(3pt.)
δ4(
3∑
q=1
kijq)
[ 15∏
u=12
3∏
f=1
(1− δMijf ,u)
(
ηMij1Mj2i
(
(1− δMij1 ,10)k
Mij3
ij1
− (1− δMij2 ,10)k
Mij3
ij2
)
+ (cyclic in (1,2,3))
)
+
(
(−1)1+Θ(i−j2)+Θ(i−j3)(δMij2 ,12 + δMij2 ,13)(δMij3 ,14 + δMij3 ,15)γ
Mij1
i
+ (cyclic in (1,2,3))
)]
, (3.7)
where we assign the bosonic propagators (A.2) to the links with Mij = 0, · · · , 11 and
the fermionic propagators (A.3) to the links with Mij = 12, · · · , 15. We formally define
γM = 0 in the cases M = 10, · · · , 15. The subscripts i and j of ∆ij and the subscript
i of γMi indicate the order of the multiplication of the gamma matrices. For example,
∆i1i2(ki1i2)γ
M2
i2
∆i2i3(ki2i3)γ
M3
i3
∆i3i1(ki3i1)γ
M1
i1
represents Tr(∆(ki1i2)γ
M2∆(ki2i3)γ
M3∆(ki3i1)γ
M1),
where Tr represents the trace over the spinor indices. The directions of the fermionic propa-
gators ∆s(k
µ
ij) (i < j) produce the factors (−1)1+Θ(i−j2)+Θ(i−j3) in the sixth line of (3.7) and
their permutations, where θ(i, j) = 1 (i > j) or = 0 (i < j). We note that N2−2hλE−F in the
above formula can be rewritten as g2h−2s λ
V in terms of the closed string, as discussed in the
introduction.5
In the next section, we examine whether this free energy of N = 4 SYM is equivalent to
the formal partition function of the AdS5 × S5 superstring discretized on random lattices.
A problem that we immediately recognize is that there are only four continuous degrees of
freedom in the formal free energy, which are integrals over kµ, whereas there are ten scalar
degrees of freedom and the fermionic degrees of freedom in the formal partition function of
the string. In the next section, we find a natural solution to this problem by considering the
string theory in the limit corresponding to the weak ’t Hooft coupling limit in the SYM.
5 In the c=1 case, the dependence gF of the free energy of the matrix model implies the existence of the
cosmological constant in the dual string. By contrast, the fact that there is no such dependence of the free
energy for the SYM implies that there is no cosmological constant in the AdS5 × S5 superstring. This is
consistent with the Weyl invariance in the AdS5 × S5 superstring.
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4 Discretized AdS5 × S5 Superstring
In the previous section, we obtained the formal free energy of the SYM by carrying out the
weak ’t Hooft coupling expansion. In this section, we consider, for comparison, the AdS5×S5
superstring dual to the weak ’t Hooft coupling SYM. The formal partition function of the
superstring is then obtained on the discretized world-sheet with the expansion corresponding
to the weak ’t Hooft coupling expansion in the SYM, and it is compared with the previous
result.
In order to understand a proper method for taking a limit in the AdS5×S5 superstring,
which corresponds to the weak coupling limit in the SYM, we review the original observation
of N coincident D3-branes. The conjecture regarding the AdS/CFT correspondence is based
on the observation of D3-branes from the open sting and closed string points of view. We can
summarize this observation as follows. From the open string point of view, if we observe the
vicinity of the D3-branes, this system is described by N = 4 U(N) SYM [44]. In contrast,
from the closed string point of view, we begin with the N coincident D3-brane background,
ds2 = f−
1
2 (dxµ)2 + f
1
2 (dr2 + r2(dΩ5)
2), (4.1)
where
f = 1 +
gsNα
′2
r4
. (4.2)
The closed string coupling constant gs in this formula can be rewritten in terms of the gauge
theory by using the relation in the open-closed duality, gsN = g
2
YMN = λ. In order to
observe the vicinity of the D3-branes, we need to rescale the radial coordinate from r to U
as
U :=
r
α′
(4.3)
and to take the α′ → 0 limit (the near horizon limit), with the ’t Hooft coupling λ fixed. As
a result, we obtain the AdS5 × S5 background,
ds2 = α′
(
U2√
λ
(dxµ)2 +
√
λ
U2
dU2 +
√
λ(dΩ5)
2
)
. (4.4)
The AdS radius and the S5 radius have the same value R = λ
1
4
√
α′. For convenience, we
change the coordinate from U to u as u := 1
U
and obtain
ds2 =
α′√
λ
(
((dxµ)2 + λdu2)
u2
+ λ(dΩ5)
2
)
. (4.5)
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This observation suggests the correspondence betweenN = 4 U(N) SYM and the superstring
on the AdS5 × S5 background, (4.5).
In this full correspondence, there exist degrees of freedom of a coordinate transformation
in the target space of the AdS5 × S5 superstring when the coupling constant λ is finite,
because the coordinate transformation is absorbed by the field redefinition of the scalars
that represent the coordinates. However, if a limit of λ is taken, the theory obviously
depends on which coordinates are used [16]. Therefore, when we consider the weak or strong
coupling limit, we need to fix the coordinates as follows.
The system dual to the strong coupling N = 4 SYM can be described by the supergravity
on the corresponding background, because the curvature of the background becomes small
as λ = R
4
α′2
→ ∞. In the strong ’t Hooft coupling limit of the background metric (4.5), it
shrinks to a six-dimensional metric, and the supergravity description becomes invalid. For
this reason, we need to further rescale the coordinate from u to u˜ as u˜ :=
√
λu, and take the
limit λ→∞ with the coordinate u˜ fixed. We then obtain
ds2 = α′
√
λ
(
(dxµ)2 + du˜2
u˜2
+ (dΩ5)
2
)
. (4.6)
This is the procedure by which the coordinates are fixed on the gravity side in the established
duality between the strong coupling N = 4 SYM and the type IIB supergravity on the
AdS5 × S5 background.
Next, in order to obtain the dual system to the weak coupling N = 4 SYM, we need to
take the opposite limit, i.e. λ(= R
4
α′2
)→ 0 of (4.5). In this case, because the curvature of the
background becomes very large, supergravity can no longer describe this system. Therefore,
we employ the string description for this system,
Sboson =
1√
λ
∫
d2σ
1
2
√−g
(
((∂αx
µ)2 + λ(∂αu)
2)
u2
+ λ(∂αΩ5)
2
)
. (4.7)
By discretizing the world-sheet, we obtain
S¯boson =
1
2
√
λ
∑
〈i,j〉
(
((xµi − xµj )2 + λ(ui − uj)2)
uiuj
+ λ(Ω5i − Ω5j)2
)
, (4.8)
which is defined on a discretized world-sheet that is constructed from triangles and quad-
rangles. We fix the original coordinates (4.5), because we must have only four-dimensional
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coordinates in the weak coupling limit in order to reproduce the result from the previous sec-
tion. In fact, in the λ→ 0 limit, (4.8) reduces to the leading-order term on each discretized
world-sheet,
S¯boson leading =
1
2
√
λ
∑
〈i,j〉
(
(xµi − xµj )2
uiuj
)
. (4.9)
We treat the other terms in (4.8) as higher-order corrections to the action (4.9) on each
discretized world-sheet in the limit of the small coupling λ. This weak coupling expansion
in the AdS5 × S5 superstring was originally considered in [36].
To this point, we have discussed the bosonic part of the closed string. In the following, we
consider the full description of the AdS5×S5 superstring. Because it is difficult to discretize
the superstring action with manifest kappa symmetry [45, 46], we start with the AdS5 × S5
superstring with the kappa symmetry fixed in the killing gauge [47, 48], Θ1 = Γ0123Θ
2,
where Θ1 and Θ2 are 32-component Majorana-Weyl spinors, and Γ0123 is an antisymmetric
combination of the SO(9, 1) gamma matrices ΓM . The partition function is given by
Zfull =
∑
h
eγ(2h−2)
∫
Dg
∫
Dx
∫
Du
∫
Dyˆ
∫
Dψ
exp
[
1√
λ
∫
d2σ
(
1
2
√−g
(
(∂αx
µ − 2iψTγµ∂αψ)2 + λ(∂αu)2)
u2
+ λ(∂αyˆ
I)2
)
−2i
√
λǫαβ
∂αψ
T yˆIγI∂βψ
u
)]
, (4.10)
where σα (α = 1, 2) represents the world-sheet coordinates, eγ is the string coupling constant,
and h is the number of genuses. Also, xµ, u, yˆI(yˆ2 = 1) and ψ represent the four-dimensional
scalars, the radial coordinate, the six spherical coordinates of S5 and the 16 component
Majorana-Weyl fermions, respectively. The quantities γµ and γI are defined in (3.2). We
choose this gauge because we have four-dimensional Lorentz covariance and supersymmetry
in it.
By discretizing the world-sheets and taking the λ→ 0 limit of the action defined on each
discretized world-sheet, we obtain the sum of the leading terms6,
Z =
∑
h
eγ(2h−2)
∑
random lattices
∫
Dx
∫
Du
∫
Dψ exp

− 1
2
√
λ
∑
〈i,j〉
(xµi − xµj + 2iψTi γµψj)2
uiuj


6
∫ Dyˆ1 = 1 is used.
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=
∑
h
eγ(2h−2)
∑
random lattices
Zrandom, (4.11)
where
∑
random lattices represents the sum over arbitrary discretized world-sheets that are
constructed from triangles and quadrangles. We call Zrandom the partition function for a
discretized world-sheet. This limiting theory is equivalent to the theory that is obtained by
taking the geometric zero radius limit of the AdS5×S5 superstring with the kappa symmetry
fixed in the killing gauge introduced in [36], where a new AdS/CFT correspondence and a
Feynman rule of N = 4 SYM in a superspace are proposed.7 By rescaling the fields and
removing λ in the action of (4.11), we find that the path-integral measures produce a factor8
of λ, and we obtain
Z =
∑
h
eγ(2h−2)
∑
random lattices
λnr
∫
Dx
∫
Du
∫
Dψ exp

−1
2
∑
〈i,j〉
(xµi − xµj + 2iψTi γµψj)2
uiuj

 ,
(4.12)
where nr is an integer-valued function of the number of faces, edges and vertices in the
triangles and quadrangles on the random lattice.9 We cannot determine nr because of the
ambiguity inherent in the definition of the path integrals. For example, naive rescaling ui
and rescaling xµi and ψi produce different factors. In general, it is difficult to determine the
factor for a path integral. We plan to study this problem in the future. In order to make
the quartic fermion term quadratic, we rewrite this path integral in its first-order form:
Z =
∑
h
eγ(2h−2)
∑
random lattices
λnr
∫
Dx
∫
Du
∫
Dψ
∫
Dp
exp

−1
2
∑
〈i,j〉
(
uiuj(p
µ
ij)
2 + 2ipµij(x
µ
i − xµj + 2iψTi γµψj)
) . (4.13)
If the equation of motion for pµij is used, (4.13) reduces to (4.12). We can easily integrate
xµ, u and ψ in (4.13) and obtain the effective partition function for pµij,
Z =
∑
h
eγ(2h−2)
∑
random lattices
λnr
∫
Dp det−1/2(p2ij) det1/2(pµijγµ)
∏
i
δ4(
∑
j
pµij). (4.14)
7In contrast, in our paper, we investigate this theory in the context of the original AdS/CFT correspon-
dence proposed by Maldacena.
8Unlike S-matrices, unrenormalized partition functions are not invariant under such a rescaling.
9In the λ→ 0 limit, the partition function (4.12) vanishes. This behavior is consistent with the fact that
the SYM becomes a free theory in this limit.
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Finally, we compare the formal free energy of the SYM given in (3.7) and the formal
partition function of the superstring given in (4.14). More precisely, we compare each bubble
diagram in (3.7) and the partition function for the corresponding discretized world-sheet
Zrandom in (4.14). The common properties of (3.7) and (4.14) are as follows. First, the
continuous degrees of freedom in (3.7) and (4.14) are the same as those in kµij and in p
µ
ij ,
respectively, which are defined at the nearest neighbors on the random surfaces. This result
implies that the Fourier momenta kµij of the four-dimensional coordinates in the SYM should
be identified with the canonical momenta pµij of the four-scalars in the string. Second, (3.7)
and (4.14) depend on kµij(= p
µ
ij) only through k
2
ij and k
µ
ijγµ, because they are Lorentz invariant
in four-dimensional spaces. Third, on every corresponding cite, (3.7) and (4.14) have the
same delta function, which represents momentum conservation on each cite in the SYM. In
order to compare (3.7) and (4.14) more precisely, we need to perform the summation over
Mij in (3.7).
5 Summary and Discussion
We obtained the formal free energy of N = 4 U(N) super Yang-Mills theory in four di-
mensions generated by the Feynman graph expansion to all orders of the weak ’t Hooft
coupling with arbitrary N . This free energy is written as the sum over the discretized,
closed two-dimensional surfaces that are identified with the world-sheets of the dual string.
We compared, to all orders of the string coupling constant, this free energy with the formal
partition function of the discretized AdS5 × S5 superstring with the kappa-symmetry fixed
in the killing gauge and in the expansion corresponding to the weak ’t Hooft coupling ex-
pansion in the SYM. We found certain properties common to this free energy and partition
function. This supports a conjecture that the free energy of the N = 4 SYM corresponds
to the partition function of the AdS5 × S5 superstring even if the corresponding operators
are inserted into both theories. The formal partition function and the formal free energy
have non-trivial forms and seem to correspond to each other. Moreover, even if we insert
operators that depend only on pµij (Ω(p)) into the formal partition function of the string
theory and the same operators (Ω(k)) into the formal free energy of the SYM, the above
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correspondence still holds. It would be interesting to examine whether these operators are
consistent with the known corresponding operators in the AdS/CFT correspondence.
We cannot insert operators that consist of the radial coordinate and the S5 coordinates
into the partition function of the superstring at leading order in λ. This implies that we
can treat only the four-dimensional sector of the superstring in our perturbative treatment.
It is important to study whether the free energy of the SYM corresponds to the partition
function of the superstring when the full corresponding operators are inserted.
Further studies10 are required to obtain a more precise comparison. First, we need to
calculate the sum over Mij in the free energy (3.7). Second, we need to determine the
dependence on λ in the partition function (4.14). Third, we need to calculate the corrections
of higher order in λ to the partition function (4.14).
Our studies show that for arbitrary λ, individual bubble diagrams of the SYM depend
only on λV , whereas individual partition functions for discretized world-sheets Zrandom
have infinitely many forms of λ dependence, which come from the higher-order corrections
in general. If there is no higher-order correction, because of supersymmetry, we expect
that Zrandom depends only on λ
V on the string side and that each bubble diagram of the
SYM corresponds to Zrandom. Even if there are higher-order corrections, we expect that in
total, the sum of all bubble diagrams of the SYM corresponds to the sum of the partition
functions for all discretized world-sheets of the superstring in the continuum limit, because
the functional forms in (3.7) and (4.14) do not depend on the configurations of random
lattices.
We should comment on a continuum limit of the N = 4 SYM 11 in which world-sheets
become continuous. The free energy of the N = 4 SYM, which is non-perturbatively defined
in the ’t Hooft coupling λ, is a regular real function, because the N = 4 SYM is a conformal
field theory for arbitrary λ. However, if λ is defined on a complex plane, the free energy
should have a pole at a complex value of λ, because the free energy depends on λ. Therefore,
the λ expansion of the free energy has a radius of converge λc. The value of λc is given by
the distance between the origin and the pole. Actually, λ expansions of correlation functions
10There is a possibility that the formal free energy of the SYM and the formal partition function of the
string have slightly different forms and that they belong to the same universality class, even if the free energy
of the SYM corresponds to the partition function of the string. This is the limitation of our method, as one
can see the difference between (2.5) and (2.8) in the c=1 case.
11This continuum limit is different from the continuum limit in the SYM on a four-dimensional lattice.
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are expected to have finite radii of convergence in Yang-Mills theories [49]. If λ approaches
λc (the continuum limit), the λ expansion diverges. This divergence implies that terms
with infinitely many interactions become dominant in the λ expansion and that world-sheets
become continuous as in the c=1 matrix model case. In our analysis, λ in the SYM behaves
like g in the c=1 matrix model. Therefore, the renormalized difference between λ and λc
should be R
4
α′2
in the superstring, analogous to the cosmological constant in the c=1 string
theory.
In summary, our result suggests a mechanism for the dynamic emergence of the world-
sheet from N = 4 SYM. Therefore it enables us to determine how the AdS5×S5 superstring
is reproduced in the AdS/CFT correspondence.
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Appendix A: Feynman rules
In this appendix, we summarize the Feynman rules for N = 4 U(N) super Yang-Mills theory
in the double-line notation.
Propagators
We formally introduce ψˆ to count the minus signs resulting from fermion interchanges, as in
(3.6). All propagators among ψ and ψˆ have the same values. The propagators are given by
〈Aµij(x)Aνkl(y)〉 = ηµνδilδjk∆(x− y)
〈XIij(x)XJkl(y)〉 = δIJδilδjk∆(x− y)
〈cij(x)c¯kl(y)〉 = δilδjk∆(x− y)
〈ψij(x)ψkl(y)〉 = 〈ψˆij(x)ψkl(y)〉 = 〈ψij(x)ψˆkl(y)〉 = 〈ψˆij(x)ψˆkl(y)〉 = δilδjk∆s(x− y),
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(A.1)
where
∆(x− y) = g2YM
∫
d4k
−i
k2
eik(x−y), (A.2)
∆s(x− y) = g2YM
∫
d4k
−ikµγˆµ
k2
eik(x−y). (A.3)
Vertices
All the four-point interactions can be summarized with respect to one kind of vertex in Fig.
6, where φM = (Aµ, XI), because N = 4 SYM in four dimensions can be obtained from
N = 1 SYM in ten dimensions through dimensional reduction [50, 51]. The three-point
interactions are summarized in Fig. 7.PSfrag replacements
i
g2
YM
(2ηM1M3ηM2M4 − ηM1M2ηM3M4 − ηM1M4ηM2M3)
φM = (Aµ, XI)
φM1
φM2
φM3
φM4
Figure 6: Four-point interactions.
Appendix B: Formal Free Energy of SYM in Ten Di-
mensions
We can easily obtain the formal free energy of N = 1 SYM in ten dimensions in the same
way as that of N = 4 SYM in four dimensions:
F10 dim. =
∑
random lattices
∑
Mij=0,···,15
N2−2hλE−F (−1)|fermion loops|+|fermion interchanges|
∏
〈i,j〉(i<j)
[∫
d12kijδ
2(kaij)
(
15∑
s=12
(1− δMij ,s)∆10(kMij ) +
15∑
s=12
δMij ,s∆
ij
10s(k
M
ij )
)]
∏
i(4pt.)
[
δ10(
4∑
p=1
kijp)
15∏
t=10
4∏
e=1
(1− δMije ,t)(2ηM1M3ηM2M4 − ηM1M2ηM3M4 − ηM1M4ηM2M3)
]
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PSfrag replacements
k1
k1k1
k1
k1
k1
k2k2
k2 k2k2
k2
k3k3
k3k3k3
k3
Aµ
AµAµAµ1
Aµ1
Aµ2 Aµ3
XI
XI1
XI2 XI3 cc c¯c¯
ψψ ψˆψˆ
i
g2
YM
δ(k1 + k2 + k3) (ηµ1µ2(k
µ3
1 − kµ32 ) + (cyclic in (1,2,3)))
i
g2
YM
δ(k1 + k2 + k3)δI2I3(k
µ1
2 − kµ13 ) ig2
YM
δ(k1 + k2 + k3)k
µ
2
− i
g2
YM
δ(k1 + k2 + k3)k
µ
3
− i
g2
YM
δ(k1 + k2 + k3)γ
µ − i
g2
YM
δ(k1 + k2 + k3)γ
I
Figure 7: Three-point interactions.
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∏
i(3pt.)
δ10(
3∑
q=1
kijq)
[ 15∏
u=12
3∏
f=1
(1− δMijf ,u)
(
ηMij1Mj2i
(
(1− δMij1 ,10)k
Mij3
ij1
− (1− δMij2 ,10)k
Mij3
ij2
)
+ (cyclic in (1,2,3))
)
+
(
(−1)1+Θ(i−j2)+Θ(i−j3)(δMij2 ,12 + δMij2 ,13)(δMij3 ,14 + δMij3 ,15)γ
Mij1
i
+ (cyclic in (1,2,3))
)]
.
Here, we have
∆10(k
M) = g2YM
−i
k2
, (B.1)
∆10s(k
M) = g2YM
−ikM γˆM
k2
, (B.2)
where M runs from 0 to 9.
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